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Abstract

Recently, Miao and Wang [Journal of Applied Mathematics and Computing, 35(2011):459-468] studied the convergence of the
generalized stationary iterative (GSI) method for solving the saddle point problems. In this paper, based on Miao and Wang’s
convergence theorem, we perfect it and give new convergence conditions. Moveover, by using relaxation technique, we present an
improved generalized stationary iterative (IGSI) method for solving the saddlepoint problems and analyze the convergence of the

corresponding method.
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1 Introduction

Consider the saddle point problems of the form

o oly)-la)

where A€ R™™ s symmetric positive definite, B R™"
be of full column rank andbe R™and qeR"are given

vectors, with m>n.

Systems of the form (1) appears in many different
applications of scientific computing, such as constrained
optimization [1], the finite element method for solving
the Navier-Stokes equation [2-4], and constrained least
squares problems and generalized least squares problems
[5-8]. There have been several recent papers [9-37] for
solving the augmented system (1). Santos et al. [6]
studied preconditioned iterative methods for solving the
augmented system (1) with A = I. Yuan et al. [7, 8]
proposed several variants of SOR method and
preconditioned conjugate gradient methods for solving
general augmented system (1) arising from generalized
least squares problems where A can be symmetric and
positive Semide finite and B can be rank deficient. The
SOR-like method requires less arithmetic work per
iteration step than other methods but it requires choosing
an optimal iteration parameter in order to achieve a
comparable rate of convergence. Golub et al. [20]
presented SOR-like algorithms for solving system (1).
Darvishi et al. [19] studied SSOR method for solving the
augmented systems. Bai et al. [9, 10, 18, 36] presented
GSOR method, parameterized Uzawa (PU) and the
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inexact parameterized Uzawa (PIU) methods for solving
systems (1). Zhang and Lu [27] showed the generalized
symmetric SOR method for augmented systems. Peng
and Li [23] studied unsymmetric block overrelaxation-
type methods for saddle point. Bai and Golub [11-15, 24]
presented splitting iteration methods such as Hermitian
and skew-Hermitian splitting (HSS) iteration scheme and
its preconditioned variants, Krylov subspace methods
such as preconditioned conjugate gradient (PCG),
preconditioned MINRES (PMINRES) and restrictively
preconditioned conjugate gradient (RPCG) iteration
schemes, and preconditioning techniques related to
Krylov subspace methods such as HSS, block-diagonal,
block-triangular and constraint preconditioners and so on.
Bai and Wang’s

2009 LAA paper [24] and Chen and Jiang’s 2008
AMC paper [18] studied some general approaches about
the relaxed splitting iteration methods. Wu, Huang and
Zhao [25] presented modified SSOR (MSSOR) method
for augmented systems (1). Zhang et al. [28, 29]
established a generalized MSSOR (GMSSOR) method
for augmented systems and analyze convergence of the
corresponding method. Recently, Miao et al. [22] studied
the convergence of the generalized stationary iterative
(GSI) method.

In this paper, we establish an improved generalized
stationary iterative (IGSI) method for solving the saddle
point problems and analyze convergence of the
corresponding method. Moreover, based on Miao and
Wang’s convergence theorem [22], we perfect it and give
new convergence conditions.
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2 Improved GSI method

For the sake of simplicity, Golub et al. [20] rewrite

P

Recently, for the coefficient matrix of the augmented
system (1), Miao et al. [22] make the following splitting:

(5 S SHem ) o

where o and g are real parameters witha =0,

Q is a nonsingular matrix.
Based the above splitting, by using relaxation
technique, we propose the following splitting:
J '(4)

where « , § and y are real parameters with « =0,

¥ <0,Q is a nonsingular matrix. Then we can obtain the

following improved generalized stationary iterative
(1GSI) scheme:
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is the IGSI iterative matrix.

Improved GSI method: Let Qe R™" be a nonsingular
and symmetric matrix. Given initial  vectors
x@ cRMand x©@ eR" and three relaxed parameters

a>0,p>0and y>0 .For k = 0,1,2,... until the
iteration ~ sequence  {((x)T,(y*)™)™}  converges,
compute

) — - Ly LA pywy,
o (24
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and Q is an approximate (preconditioning) matrix of the
Schur complement matrix BT A™B .
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Remark 2.1 When the relaxed parameters y =« , IGSI

method reduces to GSI method; When y =« :i and
[

P =1; IGSI method reduces to SOR-like method [16].

Wheny =a = 1 and f= r , IGSI-like method reduces
[0 w

to GAOR method [21]. So, IGSI method is the
generalization of these methods. Furthermore, 1GSI
method with appropriate parameters will have better
convergence rate.

3 Convergence of IGSI method

Lemma 3.1 [26] Consider the quadratic equation

x®> —bx+c=0,where b and c are real numbers. Both
roots of the equation are less than one in modulus if and

only if |c| <1 and|b| <1+c.
Lemma 3.2 [22] Let He s be the iteration matrix of GSI
method . If m> n ,then

(4 =1-l is an eigenvalue of H, , at least with
(24

multiplicity of m— n;
(ii) The other eigenvalues A of Haﬁdetermined by the
functional equation

Q-+ u=Ua+1l-a)la—a), (6)
where

H _[ ahA OJ_[(a—l)A —Bj

“-m ) a-pBT aQ

Recently, based the splitting scheme (3) and the
equation (6), Miao et al. [22] gave the following
convergence Theorem:

Theorem 3.3 [22] Let A and Q be symmetric positive
definite, and B be of full column rank. Suppose that all

eigenvalues x of Q'BTA™B are real and positive.

Denote the largest eigenvalues of the matrix Hof
-1pT A-1

Q"B A'B by :umaxl Then the GSI method is

convergence if ¢ and s satisfy

V Hmax

2

1
o >max{—,
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}

and
1% <ﬂ<l+—a(2a—l) .
Hmax 2

O

Hmax

Through analyzing the proving process of Theorem
3.3, we further perfect it and give new convergence
conditions, which is as follows.



COMPUTER MODELLING & NEW TECHNOLOGIES 2014 18(12A) 328-332

Theorem 3.4 Let A and Q be symmetric positive definite
and symmetric, respectively, and B be of full column

rank. Suppose that all eigenvalues . of Q*BT A™'B are
real and negative. Denote the largest eigenvalues of the
matrix z of Q'BTA™'B by ., : Then the GSI method
is convergence if

and satisfy
a>max{1’—“_'urm‘x}’
2 2
and
1 a@a-]) <ﬂ<1+—a , (8)
2 Hinax
Proof Let Aeo(H,;z) and A=0.Then /1:1—l
(04
or from (6) A satisfies
a?? -2 —a+ pu)i+a’ —a+(B-Yu=0
By Lemma 3.1,|4| <1 if and only if
l—1 <1l 9)
(04
and
\2a2-a+/3y\_1+a2-a+(ﬁ-1)y
oa | af
: (10)
@ -a+(B-Du
> <1
@ |
From (10), we can obtain
-1
za>(/7’ )1 (1)
20 -a+(f-Hu>0
and
2
da“-2a+2Pu-u>0 (12)
u<0

In terms of (11) and (12), and note that (9) is valid, then
a>—,
2
and

1 a(2a-1)

a
<fB<l+——:.
> s

Hmax

Hmax

Meanwhile, in order that there is an satisfying (8),

B <1+—% should be great than 1 a@a-])
Hmax Hm ax
equality, o > “-Zmax : thus should be

V™~ Hmax
2 2

Based on the IGSI method and using the similar
proving process of Theorem 3.4 [22], we give the

1
o > max{=,
{2
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following convergence Theorem. Moreover, we may
ensure that Q is symmetric positive definite.

Theorem 3.5 Let H be the iteration matrix of IGSI
method. If m > n; then

Q) A=1-£is an eigenvalue of H at least with
(24

multiplicity of m— n;
(if) The other eigenvalues H determined by the
functional equation

A-B+AP)u=Aa+1-a)Ay-y), (13)
where

H_( aA OJl[(a—l)A —BJ

-m" Q) @-pB"T Q)

Proof Using the similar proving process, we easily get
the above conclusion.

Theorem 3.6 Let A and Q be symmetric positive definite,
and B be of full column rank. Suppose that all

eigenvalues of Q'BTAB are real and positive.
Denote the largest eigenvalues of the matrix g of

Q'B"AT'BbY sy : Then the IGSI method is
convergence if the parameters satisfy

a>max{£,’umax—+y}’
2 1-4y
and
1+~ <ﬂ<£+w, (14)
Hmax 2 2 flmax

Proof Let AeH and A =0, Then ﬂzl—i,orfrom
(04

(13) A satisfies
P’ —(Aa—a+ Pu)A+ad—A+(B-D)u=0
By Lemma 3.1,|2| <1 if and only if

‘1—3 <1, (15)
(04
and
|21a-a+ﬁ,u|:l+a}/-7+(ﬁ—l)
| ar ay | 16
ar-y+(B-1| 4
ay
From (16), we can obtain
A -1
<(B-Du ’ 17)
2ay-y+(f-1) >0
and
0 -1
<a-A<u (18)
day-a-y+2pu—-u<0

In terms of (17) and (18), and note that (15) is valid,
then
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1
a>=,
2
and
147 g liatr-dra
Hmax 2 2 flmax
Meanwhile, in order that there is an satisfying
(14),£+w should be great than 1+ /4 ; or
2 Hmax Hmax
equality, a>ﬂmax—+7; thus «  should be
1-4y
a>max{l,M}_
2 1-4y
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