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Abstract

The one-dimensional (1D) quasi-periodically forced nonlinear wave equation with periodic boundary conditions is considered. It is
proved that there is a real analytic and symplectic change of coordinates, which can transform the Hamiltonian to the Birkhoff

normal form.
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1 Introduction and main results

In this paper, we are concerned with the quasi-
periodically forced nonlinear wave equation

u, —U, + uu+eg(at, x)h(u) =0,

(1.2)
u>0, xeT=R/2x7Z
under the periodic boundary conditions
u(t, x) =u(t,x+2x), (1.2)

where ¢ is a small positive parameter; the function
g(at,X) =g(%x), ($,x)eT"xT is real analytic in
(9,x) and quasi-periodic int with frequency vectors o
=(w,0,...,0,) €[o,20]" for some constant ¢ >0; and
the nonlinearity h is a real analytic function of the form
h(u) =u® +O(u*).

The technology of the Birkhoff normal forms has
been widely used in the study of the dynamics of
Hamiltonian systems close to elliptic equilibrium points.
For example, obtaining Birkhoff normal forms of the
Hamiltonians is the most important step of the KAM
approach, which is one of the main tools to deal with the
existence of periodic and quasi-periodic solutions of
nonlinear PDEs.

This paper is devoted to transform the Hamiltonians
of a kind of wave equations to the four-order Birkhoff
normal forms. This kind of systems contains nonlinear
terms with quasi-periodically forcing and the space
variable. We obtain a quantitative description about the
Hamiltonian's proposition in a ball of a Sobolev type
phase space. The result in this paper provides a basis for
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the forthcoming research of the existence of periodic or
quasi-periodic solutions. The method in this paper can be
considered as an idea to deal with the infinite-
dimensional systems whose nonlinear terms depend on
the time or space variables.

For the Birkhoff normal forms of wave equations
under Dirichlet boundary conditions, the reader is
referred to [1-4]. However, the partial differential
equations with periodic boundary conditions are more
complicated since the eigenvalues are not distinct but
multiple. This fact would bring a lot of trouble in
constructing normal forms. The reason mainly lies in the
notorious “small divisor problem”, which makes it
difficult to obtain the regularity of the symplectic
transformations. In [5], the author studied the completely
resonant nonlinear wave equation under periodic
boundary conditions. But the difficulty caused by the
multiplicity of eigenvalues was avoided since the author
only considered the even solutions. Articles [6] and [7]
succeeded in constructing Birkhoff normal forms of wave
equations with periodic boundary conditions and proved
that the existence of quasi-periodic solutions. However,
their results cannot be used in equations with constant
potential.

In this paper, we are interested in the nonlinear wave
equations with constant potential and with the nonlinear
terms depending on time or space variables. In fact, Berti
and Procesi [8] considered the periodically forced wave
V, =V, + f(t,v) =0
v(t,X) =v(t,x +27),
forcing term: f(at,v) = a(@t)v** ™ + O(V*),
d>1 deN, being 27/, -periodic in time t.

Zhang and Si [9] focused on the quasi-periodically
forced nonlinear wave equations:

equations: { with the nonlinear
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U, —U, +au+ep(t)h(u)=0, x>0 with Dirichlet
boundary conditions, where ¢ is real analytic quasi-
periodic function and

2r+1 2k+1
h(u) =mu+n, ,uU " z el -,

k>r+1
Tilloes 20, TN

In the above equations, one needs to deal with
essentially finite small divisors. Moreover, the above
equations exclude those cases where the nonlinear terms
contain the space variable, while in this paper; we
provide an idea to deal with those cases. Factually, in
those cases, the important “compactness property” cannot
hold. Thus, one would confront essentially infinite small
divisors. To overcome this point, we truncate the
unperturbed term as well as the perturbed term.
Therefore, although the “compactness property” is not
satisfied, we can also estimate the measure of the small
divisors. Our main Theorem 3.1 proves that there is a
canonical transformation, which can change the
Hamiltonian to a four-order Birkhoff normal form.

The paper is organized as follows. In section 2, we
will give the expression of Hamiltonian. Section 3 is
devoted to the Birkhoff normal form of the Hamiltonian.

2 Hamiltonian setting

Throughout  this  paper, we  assume that:
i L [T _
H) g,= Tlm?.[o g(at,x)dt =const. 0=g, R
For f =0, the equation (1.1) becomes:
u, —u, +xau=0. (2.1)

2
The operator A=—%+,u with periodic boundary
X

conditions admits a complete orthogonal basis of
eigenfunctions ¢, € L*([0, 27]), jeZ, with
corresponding eigenvalues §j=j2+,u, if one sets

¢ =1/\2z and for j>1 ¢j(x)=ic05(j><),
N

1

¢7j (x) =
N
Every solution of the linear wave equation (2.1) can
be written as a super-position of the basic modes ¢, ,

namely, for Z any subset of Z and g :=\/§=j,
u(x,t) = > & cos(u;t+6,)¢;(x), with amplitudes & >0

jez

sin(jx) .

and initial phases 6.

In the whole of this paper, we denote by C the
universal constants if we do not care their values. For
some o, >0 and o >0, we suppose that g analytically

43

Wang Yi
in 9,x extends to the domain D,(c;)xD(c), where
D,(0y) ={%|| Im% k o;,} and D(c) ={x|| Imx |< c}.

We rewrite the wave equation (1.1) as follows:

u=v, V+Au=-&g(at,x)h(u), (2.2)
where A=-d*/dx*+uteR. As is well known, the

equation (2.2) can be studied as an infinite dimensional
Hamiltonian system by taking the phase space to be

product of the Sobolev spaces H; ([0, 27])x L*([0, 27])
with coordinates u and v=0,u. The Hamiltonian for

. 1 1
(2.2) is then H :E(v,v)+§(Au,u)+gITZ(u,x,a)t)dx,

where ;((u,x,a)t):g(a)t,x)[%u4+(9(u5)], and ()

denotes the usual scalar product in L*([0, 27]).
We introduce the coordinates q=(q,,q;,q,,...) and

p=(Py, Py, Py,-) by setting u(t,x)=>_q; (t)g; (x),

V= z P; (t)¢j ().

jez
The coordinates are taken from some Banach space
l;(s>0) of all real valued bi-infinite sequences
q=(0p,0.9,,..) With finite norm |qf, = > (i)*|q; .
jeZ
where (j)=max(l,| j|). We can obtain the Hamiltonian:
H=A+G, where

A= %Z(ﬂqu + p?), G= 5IT;([qu (t)¢j (x), X,a)tjdx

jeZ
and y; =‘f§j.

The equations of motion are:
. oH oH 2 oG .
d; =5 =P p; :—a—:—yj o with respect
P; q; q;

to the symplectic structure Zd p; Adg; onl; xI;.
To make the system turn into an autonomous system,
we introduce a pair of action-angle variables
(1,9 eR"xT" (T":=R"/27zZ") by assuming that
oH _oH

-~ p -~
p, ! o,

d=at. Then, g, = = =0,
oG 8.[11‘ ;(dX
—_—_—
09 09
system (with respect to the symplectic structure
(dIAdI+> dp; Adg,) with the Hamiltonian:

can be written as a Hamiltonian

1
H=<o,) >+§Z(yj2qj2+pf)+G(q,l9). (2.3)
i
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To continue our investigation of the Hamiltonian
(2.3), we need to establish the regularity of the nonlinear
Hamiltonian vector field X, associated to G, where
<-,-> is the standard inner product in C™.

To this end, let I2 and L*, respectively, be the Hilbert

spaces of all bi-infinite, square summated sequences with
complex coefficients and all square-integrable complex-
valued functions on [0,27]. Let

FilZ -1, q|—>]-"q:\/zque”X be the inverse
T

discrete Fourier transform, which defines an isometry

between the two spaces. Let s>1. The subspaces I < I

consist, by definition of all bi-infinite sequences with the

finite form ||, =D (j)° q;|. Through F we define
]

subspaces H°[0,27] < L?[0,27] that are normalized by

setting |74, =/[al,
The following lemma was proved in [7], we only give
the result.

Lemma 2.1 For all s>0, the space I, is a Banach
algebra with respect to convolution of the sequences
(@ p); =20, P, and [pxql, <2*[al, ], -

k
Using the above lemma, we can prove the following

lemma.
Lemma 2.2 For all s>1 the gradient 6,G is real

analytic as a map from some neighbourhood of origin in
I; =I5, with |9,G|. = £O(al])-

Proof Let g el,;. Consider as a function on [0,27],

u=>q;¢, isin H* with |u_ <[q,. From Assumption
(H) ,
g('97 X) = go + Z[Z’r g;eiij|ei<k,\9>

kj=1

= \/g{«/;go 2 \/;{Z giel?

k=1

we assume

where the
:|eirx } ,

prime symbol in the summation sign indicates that the
sum runs over all 7 € Z. By using of Lemma A.1 in [10],

| g; IS "9(3, X)"D(O])XD(O-) e’|k|51e—|r\o'.

O,
Furthermore, for e D(?l)'
z rei<k,.9> < " (19 X)" e*|T|O'Ze*|k‘0'1e|kl%
p =194 Xllo g )000)
|k|>1 [k|=1
I
< C||g(9, X)||D(01)><D(O) e m’

. k2
because of the convergence of the series Ze 2
k|21

Hence, for (9,X) e D(%)>< D(%),

44

Wang Yi

"g('g! X)"S :| ‘/;go | +CJ;||g(8’ X)||D(o'1)><D(o')

" (2.4)
ME < C,

: Zmzo () e

. -k
because of the convergence of the series Z(r)se 2,
|7[20

where C depends on g, o,, s and o. That is
g(,) e H®[0,27]. By the algebra property and the
analyticity of g and h from (2.4), the function
g(%, x)h(u) H°®[0,27]  with
la(4, 0h)], <C |l sufficiently
neighbourhood of the origin, where C depends ons, o,
o, and g. On the other hand, since
o

% =2[_9(3,x)h(u)g, (x)dx.

also belongs to

in a small

The components of G, are the Fourier coefficients of
g($,x)h(u), G, Iy, with
|Gy, <& ot 0nW), < £C|[a[. The regularity of G,

follows from the regularity of its component and its local
boundedness.

S0 belongs to

3 Partial Birkhoff normal forms

Since x(u,x,9) =9(9, X)[%u4 +O@U®)] and u = qu¢j,
find :
7 2 [958, g, dxa,0,0, + £O0(al]).

From (H ), we can get that

we that

G, =

9(9, %) =g, +D_ g, (e ™. (3.1
k=1

It follows from (3.1) that

G(qvlg) :iz Gijdlqiqjqdql +
b where

& i<k,9>
— Gy jja® o 4:9;949 +g(9(||q||§),
4\k|21,i,j,d,|
Gju = gOIT¢|¢j¢d¢IdX and (3.2)

Gja = [ 9 00Ad A, [k =1

An easy computation shows that Gy, =0 unless

i+ jxd=xl=0 for at least one combination of plus and
minus signs. In particular, we have
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2+,
DC*%) e iso
4
2
6, =12% %) i jico . where
Az
S it ij=0,
27
1L i=]j L .
o = 0 %] This will play an important role later on.
Given a fixed finite subset of indices
I, ={n,...ny}=7Z with |n|#n;| , if i=]j, we

decompose the Hamiltonian (2.3) as H=H,+H_,
where

H, =A, +&G,, (3.3)
N N N

1
Ay =<w,d>+> > (uiq} +pd),

jeTy

H, =A_+&G,,

6.@H-7 ¥

i,j,d,lely itj+rd+I=0

G 99,949

1 (3.4)
+Z Z Gk,ijd|el<k'g>qiqjqdq| +O(| q |5)7
|k|>L,i,j,d,lely
24 p?),
ng (i + p1) (3.5)

and G, =G(q,9)-G,(q,9),

where O(|q[*) denotes the five order terms, in which all
the subscripts of g belong to the subset Z, and noticing

that N is finite.
We introduce the complex coordinates z;, j=12,...,

N by z;= (4,0, +ip,) and  define
2/«lnj 1 J ]
|zP9z | +.+]|z, * for a vector z=(z,,...,Z,). SO we
obtains the Hamiltonian:
H,(z,Z)=A, +G, =
(3.6)

<od>+ Y o 12, +6G (2,2,9),

j=1,2,.,N

with symplectic structure d9AdJ +|Zdz AZ;, Where
i

- 1
GN (Z,Z,Lg) :Z mn;ngny

n;n;£ng

+n=0,i,j,d,I=1,..,N

(2+2) (4,+7) (2,+7,) (2, +7)

e 2, 2, 2,
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1 .

i<k,9>
+— k,n,njndn,e
|k|>1i,j,d,I=1,...,

.(Zi +Zi) (Zj +ZJ) (Zd +7d) (z| +7|)
N2ty 2 J2m, 24,

By using the method in [7], for the remaining
coordinates, one introduces the notation, for v>1,

(qv’q—v) € RZ’

3.7)
+0(1zf)

if v,.-vel,,

g, <R, if v<v| for

P iel,
y, eR™ v>1 with N, as above, namely, N, =2 if
both v,—v¢Z, and N, =1 otherwise. For d,, k>1, a
sequence of strictly positive integers uniformly bounded
by some d <o , let R* denote the set of infinite
sequences X' = (x/,x,,...) with x’ e R% . Then we can

some velZ,,

and similarly for denoted in term of

introduce the following family of Banach spaces R.,
seR, R ={ZeR"|1Zl Y Kk*|Z,| 3} Clearly, for

k>1
g,pel; one has x,yeR”, and H_(z,Z, p,q) reads in

these notations

H, (z2,Z,X,y,9=A_(X,y)+&C, (2,Z,X',9),

A (X Y) =7 Z(ﬂVIXIJrIyI) (3.8)

v>1

3 4
and |G, |=OQ | X[ ) +O k1 X,
1=0 1=0

Theorem 3.1 Choose ¢, small enough. Consider the
Hamiltonian H,. For each fixed subset Z,,N <o,
satisfying | [#/n;| when i=j, there is a subset
Q c[o,20]" with measQ >0 such that for any weQ,

and there is a real analytic, symplectic change of
coordinates ¥, in a complex neighbourhood:

Se D( ) ={9| |Im9|< L o, >0} of the tour T" and

a nelghbourhood of the orlgln in C" such that for all
u# >0, the Hamiltonian (3.3) can be transformed into
H o, = A, +£G, +£G, +&2K, +£0( 2 ),
Gy =60(zl'), Ky =0(z[), and

where

= 1 . . .

G, (z,2) :Ez g; 1z lz; | with uniquely determined
ij=1

coefficient
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3% . if i=z];
47[’”%’”’\1\

g; = &, if i=j and ny =n; =0;
16”’“ i H M
&, if i=j and n;=n;=0.
87[’“ i H i

Furthermore, setting ¥, =¥ 69]73;”:3@' one has
H °¥P, =A_+¢K,_ with

K ORI+ ok XD @9)

where 1 denotes the identity map.

Before the proof of the above theorem, we first prove
the following lemmas.

Lemma 3.1 There is a set Q <[o,20]" (0 >0) such

that for any w e Q satisfying that

o0&

|k|m+1’

<K, 0 >}> for all 0=k eZ" (3.10)

And measQ > (1-C,)o™, where the constant C,
depends on m.

Proof Let 0xkeZm ,
Ry :{QE[Q,ZQ]m <k, o> | kﬁi*l}’ and
R' = U Ry Consider two hyperplanes

0=kez™
< k,a)>::iw ;1i+l' VVe have
m-1

It follows that

measR' < > measR! <2(v2)"meo" > . |1m+2

0=kezZ™ 0#keZ™

<Cieo" Y. (2p+1)"p ™ <Creo™,
p=1
because the series » (2p+1)"*p™? is convergent.
p=1
Therefore, this lemma is true when we assume that
Q=[0,20]"\ R".
Now, we use the notation z4, =sgni- s, .
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Lemma 3.2 Assume that ny,n;,n,,n,eZ, are
iljydal6{11_1,2,_2,...,N,_N}

integers, and

1< k|< K, , where we choose K, > K, "= iIn(eo’l).
o1

Then, for the parameter set [, 20]", there is a subset
Qc[o,20]" with

measQ > o™ | 1— Cas , (3.11)
In(¢,")

satisfying that, for any weQ,

|,Lli'+ﬂj g+ <koo> 2%, (3.12)

0

where C, is a constant dependingon N, m, and o, .
Proof Assume
R ={@ €0, 201" | "+ g1+ p1y "+ 11"
o& and
ot

m+1

+ <k, o>

0
= [J U Ri It follows that, by using of the
I<k|<Kg 0, j,d 1
same method in the proof of Lemma 3.1, for fixed
i,j,d,l and k,

o"e < o"e

measRy,  <C <
jdl,k m+1 m+1 "’
Ko Ikl Kg™

(3.13)

where C depends on m. It is well known that the
number

HkeZ™ | k|=1F<2m1™, (3.14)
So
Ko
HkeZ" 1K< KF<2m Y 1™ < 27Ky (3.15)
1=1
It yields that, from (3.13),

measQ’ = meas Rt
1<IK<K, 1<l 1A <N
where C, is
Co"e C,o"e o"e 2
Ko™ Ko “In(e,")’

a constant depending on N, o,, and m. Finally, we

< (@N)*2"K]' < <

only need to assume Q=[o,20]"/Q*. This completes

the proof.
Now we prove Theorem 3.1.
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Proof of Theorem 3.1 We always suppose, that

Mips N Napy Ny € Zy - It is convenient to adopt the notation

z;=w;, Z;=w;, j=12..,N, in which H reads,
from (3.6) and (3.7),
Hy = Ay +6Gy
N £
=< @, >+ p, WW_ +— Gia

j=1 i, J,d,1, ng 0 £ng £, =0

z Z gk IJdIe|<k 9>

\k|>1| j.al

Wi Wy Wy + Wi Wy W, +eO(w[),

where

Bijar = M ,
Moy Hy o, My

_ Ky Py
Qv jo = 77—
\f’u”mﬂ“m#f\d\’uf\u

and the prime symbol in the summation sign indicates

(3.16)

that the sum runs over all indices
i,j,dle{l,-1...,N, —N}.

Consider a Hamiltonian function
F=¢cF=¢ Z o Wa W Wy W

i,j,d,l .
) , Where we define, for

+e Y D "Fea€ ™ wwww,

0<[k|<Kqg i,j,d,I
k=0 , iF, = i if

i~

16(x + ﬂ; + g + ) ,

+n,+xn, =0

w s g ) #{a,—a,b,—b} and ny +n; 0y +n,

and iF =0, if 4, uj, 05,4 ={a,—a,b,-b} and
n; £n; £ng £n, =0, or n,+n; +n, tn, =0 ; for
k =0,

ﬂ’ if ﬂ,+#’+ﬂé+#l’:01
. 16 <k, 0> i j
IFk,ide =

O ijar
16(s + 4t + ptg + i+ <K, 0 >)

otherwise.

In the same way with [3] and [7], we can prove that,

for  the integers  ny,n;,n,.n,€Z, satisfying
n; £N; £ngy £n, =0, the following inequality
cu
L+ g+ 2 ————=5 >0, 3.17
| 1u| :u] lud :ul | (M 2 +/,l)3/2 ( )

holds, where cis some absolute constant and M =min
L7 Py Mg My -

Let W, = X; be the time-1 map of the vector-field of
the Hamiltonian . Expanding at t=0 and using

-49

47

Wang Yi
that

1
HNO‘PN = HN +{HN ']:}+J.o (1_t){{HN nf},f}oxtfdt
= Ay +6G, +&{A,,F}+5G, +£*{G, ,F}
e [ (L-O{{H, F}. FFXdt,

Taylor's formula we can obtain

Gy (W, 9) =Gy (W, 9) -Gy, (W, 9)

where

Gija Wi

3, du 1 gy £ng £y =0

Z gkljdle|<k.9>
i,j,d1

and {,} is the Poisson bracket of smooth functions:
96, 06, +i2&££@,

W, W, W,

w,w,w, +O(| wl),
16,42, o

Now let us compute {A,, F}:
{AN ) F}:
i (/u +,u] +:ud +,U|) del

i, J,d1 g Eny g £y =0

Z (el + 45 + pag + p+ < K, 0 >)

0<k|<Kq i,j,d,1
'Fk,ijdle
Hence

Gy +{Ay.F}

= z (

i J,d 1, £y £ng £y =0 16

Wi Wy Wy

i<k,9>

AATA

gl]d| I(lul +:uJ +/ud +/ul ) de|)

W W Wy W
+Z ' Z gkudl i(4 I+ﬂj g+ <k o>)
i,j,d,1 0<[k|<K, 16
Fk Jijdl ) 'ekk'bW'W'Wd W, +O(| w |5)
=G, +O(wf)== Z gy ww_ ww_; +O(w),
| j=1
where if i#j, g =2—gi4j4 =3¢; if i=] and
16 47[‘u”m'uﬂu
Ry =M, %0 Gy = oG =9 if i=] and
16 167r,unm My,
3
N, =n; =0, G :%gi—ii—i :%-
Ty, M,
The uniqueness can be proved in the classical way as
same as in [11]. Hence, we have

H,°%, = A, +&G, +5G, +&4{G,,F}

1
& [ (A={{H . F}, F¥ X} +20( wP).
CLAIM. The vector-field of the Hamiltonian X is

real analytic in a complex neighbourhood 9 e D(%) of
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T™ and some neighbourhood of the origin in C", and
satisfies [F, [=O(wP). In fact, letting
W= (W, W,,.., w,)eC" 9eD(c,), we have that
[wP=w, " +.+ |w, [, and from (3.17), (3.16) and
(3.2), we have that
F _ gtjdl |
| 1jdl |_ ' ' ’ ’
|16(,U, T Uty +/“|)|

C
< ; | G’\r\”m”\dﬂu I<Clg, I<C.

SC|g,jd| |

Now we let Q=QnNQ. By using of Lemmas 3.1 and
Czi ). So
In(e,”)
measQ2>0 when ¢ is small enough. In addition, for
(4, x) € D(o;)x D(o) , by Lemma A.1 in [10] and from
(3.1):

3.2, it is obvious, that measQ > " (1— C.e—

19 ) N9 )00 € (3.18)
is always true. Therefore, when weQ , Iif
)+ + gy + 44 =0, from (3.10), (3.2) and (3.16), we
can get

I k |m+1
| Fk,zjdl |:

| Oija |<C
16<k,a)>|_
|k m+1

| k |m+1 |
LOE IGkv”M”m“w\”m <C LOE ||g(9, X)"D(al)xD(a)e
<CIKI™ (4 9o 000 €

If 24+ g5+ i + 44 20, we have that, from (3.12),
(3.2) and (3.16),

|gk,zjdl |

—lkloy

<C

Oc.ja Ko™
| I:k,tjdl |: |16( !+ [ ’ : [ k |£ C . | gk,ljdl |
M+ g+ i+ <K 0 >) 0¢
Ko™ Kg™ e
< C ,UQE | k,n‘,‘nmnkﬂn‘|I |S C ,UQE ||g(19, X)”D(o'l)xD(a') e

—lkloy
D(0y)xD(c)

< CKy™H|a (3 )|

It follows that, by using of (3.15),
|Fw, <4 Z T [ WwWw |+

Judibing=nyEng £y

4 Z leFk,zjdlekkH% I W W, W, |

0<|k|<Kq j,d,I
SCZ'MJWdW' |+ZI z CKf;rHl "g(&, X)"D(o'l)xD(o')
j.dil j.d,1 0<lk|<K,

~IKloy okl 3
e 17 [w,wyw, [< Cw] +C||g(19,x)||D(al)xD(U)

-y K wP<CwP +CK2" K [w < CwF,
1<|k|<K,

where C depends on m,g,N,c,,0,K;,0,¢6 and u .
Therefore, we can get that
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N
|F =2 R, P <CUwl]), 3.19)
=1

where C depends on m,g,N,q,,K,,06,N , and u .

Similarly, we can prove that, for (4,x) € D(%)x D(o),
1N
| (Gy )w, < ZZ Jd, 1 ny 0y Eng £y =0 | 9. ja I Wi Wy W |

1 ! i<k,9>
+ZZZ jan | G ja® “ [ w; w, w, |+C(w|*)
koL

! ]
<cX oyt g =0 | WiWa W |+CZZ pad | G |

k=1

kiZ

e |ww,w [+C(w[)<Clwp

3 k% "
+CZ pat | Gennynany 182 TWWeW [+C (W)

kI>1

It follows from (3.18) and (3.14) that, for |w|<],
| (GN )w] |S C | Wl3 +C Z'jvdvl Z”g(lg' X)"D(o'l)xD(o')

k[=1
oy M7
€ 7e 2 fww,w, |

<Clwf+Clwf Dle 2

KI>1

%
<ClwP+Clwf D 2"™e 2 <C|wf,

1>1

. . e
by using of convergence of series ZZ”‘Im 'e 2, where
1>1

C dependson m,g,N,o;,0,and g . Thus

|Gy ) = O(WF). (3.20)

Suppose that

1

Ky ={Gy, F}+ [ A—t{{H, , F}, F}¥*Xdt

By using of (3.20) and (3.19), we get that
G\ FY=O(w[). (3.21)
Using of Cauchy estimates for the fact that
{Aw FHH Gy +O(wP) -Gy [=O(w[') and  from
(3.19), it results
[{{Ay, F}F}=O(wl) (3.22)

[w| 1 . .

For ?SE' Moreover, using Cauchy estimates for
(3.21), it derives from (3.19) that

I{{G,,, F}, F}|I= O( w[’). It follows from (3.22) and (3.3)
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that Therefore,

[{{Hy.F}. F}=O(w[).

|w

| Ky [FO(w|*) holds for wi 1

At the end of this proof, we estimate GN. By the
definition of g, ;, , from (3.2), (3.14) and (3.16), for

(9,X) D(%)x D(c) and K, > K,", we have

. kI Z
| Z gk,ijdlekw> |S z |gk,ijdl |e 2

|k|>Ky |k|>Ky

1
z —I Gk-”m”m”\dl”m e

KK, A

<2 310,009,

H K=K,

kI Z
< 2

ki
¢”m¢”\d|¢’\udx | e’

Ko, K2
< C Z "g(lg’ X)”D(o'l)xD(a) € Ik‘gle 2

K=K,
K& %

<CY e 2<CH 2" ?
|k|>Kq 1>K,

m

i K
<CKMe 2 =C—0_

KD%
e

o1
K, 2L
04
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o 4 1
——1In
4 oy (@)

Nt
<Ce * <Ce =Cg¢,,

where C depends on g,0,,0 and u, as ¢ small
enough. It follows that

i<k,9>

~ 1 1
|G ':'Ezlkl>Ko 2 jag O
1 1
<— .
16Z i,jd

SCeOZIi j,d.l |WinWdW| I<Ce |wl?,

WoW, W, W,

I | Z gk,ijdlekk'g> Il w,w; w,w, |
R,

where C depends on g,0,,0,4, and N. Hence,
G, =6O(w[*). This completes the proof.
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