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Abstract
It is well-known that regression analysis often suffers from the small sample problem while big data is a necessity to greatly improve
the credibility of research. We propose an analysis and evaluation method to judge the quality of small samples accurately through
taking full advantage of these representative data. To achieve it, regression analysis was adopted to describe and expand the small
amount of data. Meanwhile, principal component analysis would be performed to give the comprehensive evaluation of the
forwarded data. We demonstrate the method by taking micro alloying of adding aluminium and rare earth as an example to explain
the feasibility and accuracy of this analysis system. It proceeds as follows: stepwise regression data expansion and forwarding
principal component analysis. The paper ends with recommendations that adding rare earth benefited the ensemble more to illustrate
this analysis method can describe the general trend of data.
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1 Introduction
It’s known that the greater amount of data benefits the
statistics more. While in the engineering application, a
huge-invested experiment usually got only a group of data.
Thus to reduce the cost, it’s the most direct way to do the
experiment by using the most representative data. With
these data analysed, a better result would be obtained to do
experiment examination again, which can greatly limit
waste. [7]
Here we need to make such two appointments. Firstly,
we should avoid the likely distortion of data itself when
performing the analysis of the small samples. Otherwise,
approximate analysis method and data distortion would
eventually cause severe deviation. Secondly, sample data
must be representative. It’s told that the trend of data will
not have a large fluctuation in a small range. We can
approximately turn the trend into a simple shape of straight
line or parabola. This is the basic theory to be used in the
small sample analysis through regression.
In the condition of small samples, we can no longer
blindly pursue goodness of fit of data. Ensuring the strong
ability of trend description for the fitting results counts
more. In the case of traditional interpolation, statistics
could be completely fitted by seven interpolations with 8
points known. But there will be a serious phenomenon of
Runge leading to the distortion.[1]~[3] So regression at
about two times is reasonable in small samples.
Meanwhile, adding the cross terms in dealing with the
multidimensional is more convenient, which can describe
the general trend of the data and present good results on the
goodness of fit after many experiments.
*

These papers were analysed with a real problem
“Micro alloying of aluminium alloy in changing properties
of it”. It demonstrated that we used regression to fit and
expand the data of small sample with the complete process
of principal component analysis for data evaluation. On the
premise of the above two appointments, this set of data
analysis and evaluation method has a strong universality.
2 The statement of the problem
Micro alloying is an important approach to improving the
microstructure and performance of aluminium alloy. In the
laboratory, we determined the tensile strength (MPa) and
elongation (%) according to respectively adding a trace of
vanadium (V) and rare earth (RE) to the base alloy, Al4.5Zn-1.0Mg-0.8Cu. Hot cracking statistics (HCS) were
shown in the following two tables.
TABLE1.
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V(wt
%)

0
0.05
0.1
0.2

Mechanical properties and thermal cracking performance of
products under respectively adding vanadium (V) and rare
earth (RE)
Tens
ile
stren
gth
(MP
a)
133
160
154
140

Elon
gatio
n
(%)

HCS

4.66
6.60
8.21
5.10

112
83
100
131

RE(
wt%
)
0
0.05
0.08
0.1
0.12
0.15
0.2
0.25

Tens
ile
stren
gth
(MP
a)
133
165
169
171
186
175
156
152

Elongat
ion (%)

HCS

4.66
7.58
8.26
8.99
8.73
7.71
7.00
6.49

112
88
80
72
64
72
80
116
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TABLE2.

Test
serial
number
1
2
3
4
5
6

Mechanical properties and thermal cracking performance of
products under adding the mixture of vanadium (V) and rare
earth (RE)
V
(wt%)

RE
(wt%)

0.05
0.05
0.05
0
0.05
0.1

0
0.1
0.25
0.12
0.12
0.12

Tensile
strength
(MPa)
160
153
130
186
146
133

Elongation
(%)

HCS

6.60
7.22
5.57
8.73
6.66
6.00

83
80
80
64
68
74

3.3 THE COMPREHENSIVE EVALUATION
Carrying on the comprehensive evaluation on the data of
tensile strength, elongation and hot cracking statistics
helped us choose the best program to add vanadium and
rare earth with the best influence.
Principal component analysis was responsible to sort
and process data here.
3.4 THE EXPANSION OF DATA

The main emphasis was placed on the problem of how
and how much to add the vanadium and rare earth would
perform effectively through the analysis of data from these
two tables.
3 The adding respectively data’s expansion and
evaluation (Table1)

We considered using the pre-existing regression equation
to expand data for lack of original data. It implemented
through mat lab selecting small intervals in a reasonable
range. This article took 0.001% as a interval, and adding
no more than 0.25% of vanadium and rare earth.
3.5 THE FORWARDING OF DATA

For a small amount of data, blindly pursuing goodness of
fit wasn’t advocated. Taking separately adding RE for
example, there were eight points, using seven times
polynomial to fit the data could completely guarantee that
residual error was 0. But the generated Runge phenomenon
would cause serious distortions of pictures, ultimately
made accurately analysing the data be impossible.
It was necessary to assurance the rough description of
this category of data. On this basis, appropriate methods
could be adopted to improve the goodness of fit.
According to the authors’ experiment, this kind of data
fitted in 1 ~ 3 times of unilabiate or multivariate regression
could achieve the ideal effect.

Referring to the experience and reference [3], the
implementation of principal component analysis required
forwarding the data, or it would fail to obtain reasonable
results. Specifically, the higher the comprehensive score
got, the better data offered.
Methods of data forwarding: [5]
1).If the data is required as big as possible, data
forwarding wouldn’t be necessary.
2).If the data is required as small as possible, 1/ xij
would be used instead of the original data.
3.6 PRINCIPAL COMPONENT ANALYSIS
Principal component analysis was carried out on the
expanded and forwarded data.

3.1 THE FITTING RESULTS OF ADDING
VANADIUM
Define ensile strength as pv1 , elongation as pv2 ,hot
cracking statistics as pv3 ,the content of vanadium as x .
Due to only four data of separately adding vanadium
presented, Runge phenomenon wouldn’t appear. In this
condition, polynomial fitting could be operated directly to
acquire result:
pv1 ( x)  3.233 1010 x3  1.145 108 x 2  1.032 105 x  133

FIGURE 1 Composite Scores of Adding Vanadium Alone

pv2 ( x)  1.78 10 x  2.0110 x  3320 x  4.66
9

3

6

2

pv3 ( x)  4.7 10 x  1.625 10 x  1.275 10 x  112
10

3

8

2

5

3.2 THE REGRESSION RESULTS OF ADDING RARE
EARTH
Define ensile strength as pre1 , elongation as pre2 ,hot
cracking statistics as pre3 ,the content of rare earth as x .
In consideration of eight groups of statistics of separately adding rare earth presented, if interpolation was
used, it would cause serious Runge phenomenon. Therefore, regression analysis would be considered to describe
the directions of data roughly without losing numerous
precisions. It was more appropriate to take 2 ~ 3 times.

Around 60, namely adding 0.06% of vanadium, the
overall situation was good. Through calculation, when
adding 0.062% of vanadium, the overall situation reached
peak. Three properties were as follows:
tensile strength: 160MPa

elongation: 6.99%

HCS: 83.848

pre1 ( x)  2.27 107 x2  6.10 104 x  136

Decision coefficient: 0.846 F statistic: 13.69
pre2 ( x)  1.27 109 x3  6.60 106 x2  9344 x  4.59

FIGURE 2 Composite Scores of Adding Rare Earth Alone

Decision coefficient: 0.970 F statistic: 43.45

Through calculation, when adding 0.12% of rare earth,
the overall situation reached peak.

pre3 ( x)  2.88 10 x  7.26 10 x  114.8
7

2

4

tensile strength: 176.4MPa

Decision coefficient: 0.962 F statistic: 63.20
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elongation: 8.48%

HCS: 69.1
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4 The adding mixture data’s expansion and evaluation
(Table2 and Table1)
Define ensile strength, elongation and hot cracking statistics as pvrei , i=1, 2, 3, the content of vanadium as v , the
content of rare earth as re .
Here the theory of stepwise regression was mainly
applied. From the above results, it accessed rough-trend
function which had returned or fitted the data less than
three times to describe the data. So the following
regression models were given.
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4.1 THE REGRESSION RESULTS OF ADDING
MIXTURE
According to the experience, it was guessed that the
interaction between the contents of vanadium and rare
earth in the model might affect these three properties.
Naturally, the cross terms including v  re , v 2  re ,
v  re2 were chose to represent the interaction and
improve the model.

pvrei (v, re)  c1v  c2v 2  c3v3  c4 re  c5re2 

pvrei (v, re)  c1v  c2v 2  c3v3  c4re  c5re2  c6re3  c7

c6v  re  c7 v 2  re  c8v  re 2  c9 re3  c10

Besides the existing adding content of vanadium and
rare earth, those without being added were defined as 0 and
added to the data of mixed additives to do regression of the
increased data.
Nevertheless, the consequence of regression didn’t confront with previous intention. In terms of tensile strength,
its decision coefficient was only 0.4445 while F statistic
was 1.4672. Although what we need was the trend function, the low coefficient of decision would lead to serious
distortion of the data, which suggested the improvement of
model.

i=1,2,3
It aroused the greatly increase on the determination
coefficient which were all over 0.9. F statistics also fully
Embodied the significance of the model. But some
coefficients weren’t significant enough, which propelled
these coefficients to be rejected. Therefore, we took the
stepwise regression into consideration. Eventually, the
following results were produced.

pvre1 (v, re)  42712.41v  2.06 107 v 2  59570.60re  2.24 107 re2
9.33 107 v  re  2.70 1010 v  re2  137.436
pvre2 (v, re)  4575.44v  1.08 109 v3  9478.94re  6.67 106 re2 
1.21107 v  re  3.19 109 v 2  re  3.22 109 v  re2  1.27 109 re3  4.57
pvre3 (v, re)  1.26 105 v  1.60 108 v 2  4.62 1010 v3  4.82 104 re
1.53 108 v  re  8.05 1010 v 2  re  4.77 1010 v  re2  8.03 109 re3  111.835
4.2 THE ANALYSIS OF MIXED ADDITIVE’S
RESULT
Dualistic equation given inspired us of the contour map to
describe mixed additive’s result. It was easy to promote the
conclusion that 0.1 ~ 0.15% of rare earth and 0.01 ~ 0.02%
of vanadium performed best by observing the tensile
strength in the Figure 3. Elongation and hot cracking
statistics could be similarly available without details here.

According to the existed original data, it was concluded
that adding rare earth benefited the ensemble than adding
vanadium. Our suggested content for rare Earth is 0.12%
while for vanadium is 0.062%. Meanwhile, when mixed
adding, vanadium tended to affect the function of rare earth
by decreasing the quality of the it. In consequence, mixed
additive of vanadium and rare earth is not recommended.
Surely, error is inevitable, for this conclusion of
analysis was based on small sample. This analysis method
still can describe the general trend of data, and the
procedure of method operates as regression (generally
choose 2 ~ 3 regression equation as well) data
expansion data forwarding principal component
analysis and evaluation. The method can deduce splendidly
for similar problems
5 Conclusions

FIGURE3. Ascending Goodness of Tensile Strength
When Adding Mixtures

Paper has mainly carried on the demonstration of the idea
of using regression and principal component to analyse
small samples. The result is accurate through the experimental test of micro alloy. Researchers also use other
data to test the method. The relative error between the
results and the real value is generally not more than 5%.
Therefore, premise of meeting the two agreements in introduction, the method can be used in all of the quantitative
relationship.
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