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Abstract 

This paper proposes a novel method for solving the two-sided matching problem, in which the preferences provided by agents are 
ordinal numbers, and the preferences provided by intermediary is the expense standard on ordinal numbers. In this paper, the 
description of the considered two-sided matching problem is given. Then the concepts of satisfaction degrees and expense are 

introduced. Furthermore, a multi-objective optimization model can be set up consider satisfaction degrees of agents and expense of 
intermediary. The method of weighted sums based on membership function is used to convert the multi-objective optimization model 
into a single-objective model. The matching result is obtained by solving the model. 
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1 Introduction 
 
There are plenty of two-sided matching problems in 
many fields of real life, such as marriage assignment [1], 
college admission [2], employee selection [3], personnel 
assignment [4] and trading partner selection [5]. There-
fore two-sided matching is a research topic with exten-
sive application backgrounds. 

Study on the two-sided matching problem originates 
from the problem of college admission and marriage 
assignment [6]. Gale and Shapley initially investigate the 
concept, existence, optimality and solution algorithm of 
stable assignment [7]. Then, Roth explicitly proposes the 
concept of two-sided matching [3]. Following that, various 
methods, techniques and algorithms have been proposed 
for solving the two-sided matching problem with different 
forms of information. For example, Teo et al. derive the 
optimal cheating strategy in Gale-Shapley stable marriage 
model, and then apply it to Singapore school admissions 
problem [8]. Ehlers studies truncation strategies in matching 
markets using the deferred acceptance algorithm (i.e., 
Gale-Shapley algorithm), and show that truncation strate-
gies are also applicable to all priority mechanisms and all 
linear programming mechanisms [9]. Azevedo gives a 
simple equilibrium model of an imperfectly competitive 
matching market, in which an infinite number of firms is 
matched to a continuum of workers [10]. Teo and Sethu-
raman study the classical stable marriage and stable room-
mate problems using a polyhedral approach [11]. Fleiner 
gives a linear characterization of the bipartite stable b-
matching polytope [12]. Manlove et al. give a 2-approx-
imation algorithm for the stable marriage problem with 
incomplete lists and ties of finding a stable matching of 
maximum or minimum size [13]. Iwama et al. give a 
(2 / )c N -approximation algorithm to solve the stable 

marriage problem of finding a stable matching of maxi-
mum size when both ties and unacceptable partners are 
allowed in preference lists, where c  is an arbitrary positive 
constant that satisfies 1 4 6c  , and N  is the instance 
size [14]. 

Prior studies have made significant contributions to 
solving the two-sided matching problems. However, on the 
one hand, most of the existing studies focus on obtaining 
stability matching(s). However, in some cases, comparing 
with stability matching, each agent is more concerned 
about his/her own satisfaction degree over his/her partner. 
On the other hand, in real world problems, the deter-
mination of the stability matching(s) is usually suggested 
by intermediary [5, 15, 16]. The intermediary could also be 
the type of pursuing the benefit, and yet the existing studies 
seldom consider this type of intermediary. Therefore, how 
to consider the satisfaction degree of agents and the profit 
of intermediary in the two-sided matching problem is a 
valuable research topic. These are the motivation of this 
paper. 

The purpose of this paper is to propose a novel method 
for solving the two-sided matching problem considering 
the preferences of agents and intermediary. In the method, 
the concepts of satisfaction degree and expense are 
introduced. Furthermore, a multi-objective optimization 
model is built, where the considered sub-objectives are to 
maximize the satisfaction degree of each agent and 
expense of intermediary. By solving the multi-objective 
optimization model, the matching result can be determined. 

The rest of this paper is provided as follows: Section 2 
describes the two-sided matching problem considering the 
preferences of agents and intermediary. Section 3 gives the 
concepts of satisfaction degrees and expense. Section 4 
builds a multi-objective optimization model considering 
satisfaction degrees and expense. Section 5 develops an 
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algorithm for solving the model. Section 6 summarizes and 
highlights the main features of the proposed method. 

 
2 The problem 
 
The related concept and notation on two-sided matching 
can be found in [17, 18]. The two-sided matching 
problem considering the preferences of agents and 
intermediary is described below. 

For convenience, let {1,2, , },M m  

{1,2, , },N n  and suppose .m n  Let 

1 2{ , , , }mA A A A  be the set of agents of side A , where 

iA  denotes the i-th agent of side A , i M ; 

1 2{ , , , }nB B B B  be the set of agents of side B , where 

jB  denotes the j-th agent of side B , j N . Let 

1 2( , , , )i i i inR r r r  be the ordinal number vector 

provided by agent iA  over the agents of side B , where 

ijr  denotes that agent iA  ranks 
jB  in the 

ijr -th position, 

.ijr N  Let 
1 2( , , , )T

j j j mjT t t t  be the ordinal number 

vector provided by agent 
jB  over the agents of side A , 

where 
ijt  denotes that agent 

jB  ranks iA  in the 
ijt -th 

position, 
ijt M . The expense standard of agents is 

usually determined by intermediary. Here, the interme-

diary refers to a single person, an organization or a deci-

sion system that makes a matching between agents of 

sides A  and B . 
The problem concerned in this paper is how to obtain 

the reasonable matching result based on ordinal number 
vectors ( )iR i M  and ( )jT j N  such that the satis-
faction degrees of each agents and the profit of interme-
diary are as large as possible. 

 

3 The satisfaction degrees and expense 
 
In the two-sided matching problem, without loss of gene-
rality, if agent iA  ranks 

jB  in the first position, then the 
satisfaction degree of agent iA  over 

jB  is the highest; if 
agent iA  ranks kB  in the last position, then the satisfac-
tion degree of agent iA  over kB  is the lowest. Usually, 
satisfaction degrees of one agent over potential partners 
are in interval [0, 1]. Hence, we give the following defini-
tions of satisfaction degrees. 

Definition 1. Let 
ijr N  be the ordinal number 

provided by agent iA  over 
jB . Then the function il  used 

to obtain the satisfaction degree of agent iA  over 
jB  

(noted as 
ij ) is defined as: 

: [0,1]il N  , 

( )i ij ijl r  , 

where il  is a monotone decreasing function and satisfies 

0 ( )il n , (1) 1il  . 

Definition 2. Let 
ijt M  be the ordinal number pro-

vided by agent 
jB  over iA . Then the function 

jg  used to 

obtain the satisfaction degree of agent 
jB  over iA  (noted 

as 
ij ) is defined as: 

: [0,1]jg M  , 

( )j ij ijg t  , 

where 
jg  is a monotone decreasing function and satisfies 

0 ( )jg m , (1) 1jg  . 

The expressions of functions il  and 
jg  could be 

different due to the different consideration of agents. The 

typical expressions of functions il  and 
jg  are expressed 

by: 

2
1

( )
ij

i ij

n r
l r

n

  
  
 

, i M  (1) 

and 

2
1

( )
ij

j ij

m t
g t

m

  
  
 

, j N . (2) 

By Equations (1) and (2), the satisfaction degree 

matrices [ ]ij m n    and [ ]ij m n    are constructed, 

respectively. 

Definition 3. Let 
ijr N  be the ordinal number 

provided by agent iA  over 
jB . Then the function ( )Ay r  

used to obtain the expense that agent iA  provides to the 

intermediary if agent iA  is matched with agent 
jB  (noted 

as 
ij ) is defined as: 

( ) :Ay r N R , 

( )A ij ijy r  , 

where ( )Ay r  is a monotone decreasing function and 

satisfies ( ) 0Ay n  . 

Definition 4. Let 
ijt M  be the ordinal number 

provided by agent 
jB  over iA . Then the function ( )By t  

used to obtain the expense that agent 
jB  provides to the 

intermediary if agent 
jB  is matched with agent iA  (noted 

as 
ij ) is defined as: 

( ) :By t M R , 

( )B ij ijy t  , 

where ( )By t  is a monotone decreasing function and 

satisfies ( ) 0By m  . 
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Usually, the expressions of function ( )Ay r  and ( )By t  

are various. In this paper, we consider the following formats: 

1

2

, 1,

, 2,
( )

,

, ,

A

n

p r

p r
y r

p r n





 

 

, (3) 

1

2

, 1,

, 2,
( )

,

, ,

B

m

q t

q t
y t

q t m





 

 

, (4) 

where 1 2, , , np p p  are the expense values and satisfy 

1 2 0np p p    , and 1 2, , , mq q q  are also the 

expense values and satisfy 1 2 0mq q q    . By 

Equations (3) and (4), expense matrices [ ]ij m n    and 

[ ]ij m n    are constructed, respectively. 

 

4 The two-sided matching model 

 

Let 
ijx  be an 0-1 variable, where 0ijx   denotes 

( )i jA B  , 1ijx   denotes ( )i jA B  . To maximize the 

satisfaction degrees of agents and the expense of 

intermediary, a multi-objective optimization model (5) 

can be established as follows: 

1

max ( )
n

i ij ij

j

Z A x


 , i M , (5a) 

1

max ( )
m

j ij ij

i

Z B x


 , j N , (5b) 

1 1

max ( ) ( )
m n

ij ij ij

i j

Z T x 
 

  , (5c) 

1

s.t. 1
n

ij

j

x


 , i M , (5d) 

1

1
m

ij

i

x


 , j N , (5e) 

0ijx   or 1, i M , j N . (5f) 

In the model (5), the meaning of Equation (5d) is that 

agent iA  must match only one agent of side B . The 

meaning of Equation (5e) is that agent 
jB  matches at 

most one agent of side A . 

Generally, each agent of one side has equal priority, 

thus model (5) can be further transformed into the 

following optimization model (6): 

1 1

max ( )
m n

ij ij

i j

Z A x
 

 , (6a) 

1 1

max ( )
m n

ij ij

i j

Z B x
 

 , (6b) 

1 1

max ( ) ( )
m n

ij ij ij

i j

Z T x 
 

  , (6c) 

1

s.t. 1
n

ij

j

x


 , i M , (6d) 

1

1
m

ij

i

x


 , j N , (6e) 

0ijx   or 1, i M , j N . (6f) 

 

5 The algorithm 

 

In order to solve model (6), the method of weighted sums 

based on membership function is adopted [19]. In the 

followings, we give the detailed analysis on the solution 

of model (6). Firstly, let min ( )Z A  and max ( )Z A  be the 

minimum value and the maximum value for objective 

function ( )Z A . Let min ( )Z B  and max ( )Z B  be the 

minimum value and the maximum value for objective 

function ( )Z B . Let min ( )Z T  and max ( )Z T  be the mini-

mum value and the maximum value for objective 

function ( )Z T . Then, three membership functions can be 

respectively described with the followings: 

min

max min

( ) ( )
( ( ))

( ) ( )

Z A Z A
Z A

Z A Z A






, (7) 

min

max min

( ) ( )
( ( ))

( ) ( )

Z B Z B
Z B

Z B Z B






, (8) 

min

max min

( ) ( )
( ( ))

( ) ( )

Z T Z T
Z T

Z T Z T






, (9) 

obviously, 0 ( ( )) 1Z A  , 0 ( ( )) 1Z B   and 

0 ( ( )) 1Z T  . 

Let Aw , Bw  and Tw  be the weight of objectives 

functions ( )Z A , ( )Z B  and ( )Z T , respectively, such 

that 1A B Tw w w   , 0 , , 1A B Tw w w  , then model 

(6) is transformed into the single-objective optimization 

model (10): 

max ( ( )) ( ( )) ( ( ))A B TZ w Z A w Z B w Z T     , (10a) 

1

s.t. 1
n

ij

j

x


 , i M , (10b) 

1

1
m

ij

i

x


 , j N ,  (10c) 

0ijx   or 1, i M , j N , (10d) 

where weight ( , , )Dw D A B T  reflects the importance 
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degree of objective function ( )Z D  in practical decision 

problems. Usually, to guarantee the fairness of the agents 

of sides A  and B , we have A Bw w . 

Model (10) the can be solved using the existing 
mathematical optimization software. Then the matching 
result is determined based on the obtained optimal 
solution. 

In sum, we give an algorithm for solving the two-sided 
matching problem and its steps are presented as follows: 

Step 1: Set up the satisfaction degree matrices 

[ ]ij m n    and [ ]ij m n    by Equations (1) and (2). 

Step 2: Set up the expense matrices [ ]ij m n    and 

[ ]ij m n    by Eqs. (3) and (4). 

Step 3: Set up the multiple-objective optimization 

model (5) based on satisfaction degree matrices   and 

,  and expense matrices   and  . 

Step 4: Determine min ( )Z D  and max ( )Z D , , ,D A B T . 

Step 5: Transform model (6) into model (10) by Eqs. 

(7)-(9). 

Step 6: Determine the matching result by solving 

model (10). 

 
6 Conclusion 
 
The two-sided matching problem arises from a wide 
range of real-world situations. Although many resear-
chers have paid attention to the two-sided matching 
problem, there are few methods considering the satis-
faction degrees of agents and the profit of intermediary. 
This paper has presented a novel method for solving the 
two-sided matching problem with ordinal numbers. 

Comparing with the existing methods, the proposed 
method has two characteristics as discussed below. Firstly, 
the agents’ satisfaction degrees and intermediary’s profit 
are considered. This is usually absent in the existing 
methods. Secondly, the proposed method is simple and is a 
supplement or extension of the existing methods. In terms 
of future research, the proposed method can be extended to 
support situations in which the information data are in 
other formats. 
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